Abstract. The detection of the B-mode polarization of the cosmic microwave background (CMB) by the BICEP2 experiment implies that the tensor-to-scalar ratio r should be involved in the base standard cosmology. In this paper, we extend the ΛCDM+r+neutrino/dark radiation models by replacing the cosmological constant with the dynamical dark energy with constant w. Four neutrino plus dark energy models are considered, i.e., the wCDM+r+ m ν , wCDM+r+N eff , wCDM+r+ m ν +N eff , and wCDM+r+N eff +m eff ν,sterile models. The current observational data considered in this paper include the Planck temperature data, the WMAP 9-year polarization data, the baryon acoustic oscillation data, the Hubble constant direct measurement data, the Planck Sunyaev-Zeldovich cluster counts data, the Planck CMB lensing data, the cosmic shear data, and the BICEP2 polarization data. We test the data consistency in the four cosmological models, and then combine the consistent data sets to perform joint constraints on the models. We focus on the constraints on the parameters w, m ν , N eff , and m eff ν,sterile .
Introduction
Discovery of neutrino oscillations has indicated that neutrinos have nonzero masses. Neutrino oscillation experiments can only place limits on the squared mass differences between the neutrino mass eigenstates: the solar and reactor experiments observed ∆m 2 21 8 × 10 −5 eV 2 , and the atmospheric and accelerator beam experiments observed ∆m 2 32 3 × 10 −3 eV 2 . To measure the absolute masses of neutrinos, different experiments are needed. In fact, cosmological data have been providing tight limits on the total mass of neutrinos.
The cosmic microwave background (CMB) observations have been used to constrain the neutrino mass and possibly the extra relativistic degrees of freedom (sometimes referred to as "dark radiation") [1] [2] [3] . The latest CMB temperature power spectrum measured by the Planck satellite mission provided the tight limits on the total mass of active neutrinos, m ν , and the effective number of relativistic species, N eff [4] . For example, the Planck+WP+highL data combination (here, WP denotes the WMAP 9-year polarization data, and highL denotes the ACT and SPT temperature data) gives the 95% confidence level (CL) limits: m ν < 0.66 eV for the case of no extra relics (N eff = 3.046) and N eff = 3.36
+0.68
−0.64 for the case of minimal-mass normal hierarchy for the neutrino masses (only one massive eigenstate with m ν = 0.06 eV). Late-time geometric measurements can be used to help reduce some geometric degeneracies and thus improve constraints. Therefore, the baryon acoustic oscillation (BAO) data are very useful in the parameter estimation. Note also that the BAO data are proven to be in good agreement with the Planck data, so one can always combine CMB data with BAO data without any question. The Planck+WP+highL+BAO data combination changes the above limits to: m ν < 0.23 eV for the case of no extra relics and N eff = 3.30
+0.54
−0.51 for the case of minimal-mass normal hierarchy model.
The measurements of the growth of large-scale structure also play a crucial role in constraining the neutrino mass. The Planck Collaboration reported a result of counts of rich clusters of galaxies by analyzing its sample of thermal Sunyaev-Zeldovich (SZ) clusters, σ 8 (Ω m /0.27) 0.3 = 0.782 ± 0.010 [5] . And the weak lensing data can also give another combination of σ 8 and Ω m . The cosmic shear measurement provided by the CFHTLenS survey gave σ 8 (Ω m /0.27) 0.46 = 0.774 ± 0.040 [6] . However, based on the six-parameter base ΛCDM cosmology, the Planck data predict more clusters than these astrophysical measurements observe. The Planck+WP+highL data combination gives σ 8 (Ω m /0.27) 0.3 = 0.87 ± 0.02 and σ 8 (Ω m /0.27) 0.46 = 0.89 ± 0.03, in tensions with the above two measurements at the 4.0σ and 2.3σ levels, respectively. In fact, the tensions might just imply non-zero neutrino masses (see, e.g., Ref. [7] ). Increasing neutrino masses could suppress the growth of structure below their free-streaming length, allowing σ 8 to be substantially lower.
On the other hand, the measurement of the Hubble constant H 0 is also very useful in breaking parameter degeneracies in cosmological constraints, but the direct measurement of H 0 is in tension with the Planck result based on the standard cosmology. The direct measurement gives H 0 = 73.8 ± 2.4 km s −1 Mpc −1 [8] , but the six-parameter ΛCDM model fitting to Planck+WP+highL data gives H 0 = 67.3 ± 1.2 km s −1 Mpc −1 ; there is a tension at the 2.4σ level between the two. One way of reducing the tension is to increase N eff [4] . Increasing the radiation density at fixed θ * (to preserve the angular scales of the acoustic peaks) and fixed z eq (to preserve the early-ISW effect and so first-peak height) leads to the increase of the Hubble expansion rate before recombination and thus the decrease of the age of the universe. The angular scale of the photon diffusion length, θ D , is thus increased, thereby reducing the power in the CMB damping tail at a given multipole. The result is that N eff is positively correlated with H 0 .
Therefore, increasing both m ν and N eff could reconcile all the mentioned tensions between Planck and other astrophysical observations, and on the other hand the combination of these consistent data sets could determine these parameters more accurately. But in this case one has to assume the model in which the massive active neutrinos coexist with some extra radiation degrees of freedom. Actually, a more natural choice is to consider the model with light sterile neutrinos.
The existence of light massive sterile neutrinos is hinted by the anomalies of shortbaseline neutrino experiments [9-13]. There is evidence for oscillations at a ∆m 2 of about 1 eV 2 from these experiments. Thus, additional neutrino masses are required. And the additional types of neutrino have to be sterile neutrinos so that they do not interact by the weak interaction and do not affect the width of Z 0 . Through their mixing with active neutrinos and their gravitational interactions, the sterile neutrinos could have a considerable effect on astrophysics and cosmology. Therefore, it is particularly important to search for cosmological evidence of sterile neutrinos through their gravitational effects on the large-scale structure formation and the evolution of the universe. When considering sterile neutrinos in a cosmological model, two extra parameters, N eff and m eff ν,sterile , are added. Hence, in a cosmological model with sterile neutrinos, the tensions of Planck with H 0 direct measurement, counts of Planck SZ clusters, and cosmic shear can be substantially relieved [7, 14, 15] .
Recently, the BICEP2 Collaboration reported the detection of the B-mode polarization of the CMB [16] . If the treatment of the foreground model is correct, the BICEP2's result indicates the discovery of the primordial gravitational waves (PGWs). The frontiers of fundamental physics will be pushed forward in an unprecedented way as long as the BI-CEP2's result is confirmed by upcoming experiments. Adopting the ΛCDM+r model, the fit to the observed B-mode power spectrum gives an unexpectedly large tensor-to-scalar ratio, r = 0.20
+0.07
−0.05 , with r = 0 disfavored at the 7σ level [16] . This result is in tension with the upper limit, r < 0.11 (95% CL), given by the fit to the combined Planck+WP+highL data [4] . To explain and/or reduce this tension, numerous proposals have been put forward; see, e.g., Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . An intriguing mechanism for relieving this tension is to involve a sterile neutrino species in the cosmological model with PGWs [33] [34] [35] [36] [37] [38] . In Ref. [33] , the model with PGWs and sterile neutrinos is called ΛCDM+r+ν s model (or ΛCDM+r+N eff +m eff ν,sterile model). It was shown in Refs. [33, 34] that in the ΛCDM+r+ν s model the tension between Planck and BICEP2 is well relieved, and meanwhile, the other tensions of Planck with other astrophysical observations, such as the H 0 direct measurement, the cluster counts, and the cosmic shear measurement, can all be significantly reduced. In addition, the current consistent cosmological data could provide independent evidence for the existence of sterile neutrino at high statistical significance, i.e., a joint analysis of current data prefer ∆N eff ≡ N eff − 3.046 > 0 at the 2.7σ level and a nonzero mass of sterile neutrino at the 3.9σ level [33] . In Ref. [35] , other typical models of neutrino and dark radiation were analyzed with the current observational data in detail.
In this paper, we investigate the effects of dynamical dark energy on the fits of models of neutrinos and dark radiation to the current observations. In Ref. [39] , it was demonstrated that the tension between Planck and H 0 direct measurement might hint that dark energy is not the cosmological constant; once a dynamical dark energy is adopted, the tension of Planck with H 0 measurement could be well relieved. Also, it is known that due to the repulsive gravitational force, dark energy could suppress the growth of large-scale structure. Therefore, we wish to see if dark energy together with neutrinos could further reduce the tensions between Planck and other astrophysical observations. On the other hand, we will combine the consistent data sets to constrain the cosmological parameters concerning dark energy and neutrinos.
The paper is organized as follows. In Sec. 2, we briefly present the cosmological models and the observational data we use in this work. In Sec. 3, we test the data consistency for the models and present the fit results. Conclusion is given in Sec. 4. More detailed fit results are given in Appendix A.
Methodology
In this paper, we consider the extension of the ΛCDM cosmology to models in which dark energy has a constant w, i.e., the wCDM cosmology. Of course, since the PGWs are likely to have been detected by BICEP2, the basic framework should be the wCDM+r model. Further extensions considered in this paper include: (i) active neutrinos with additional parameter m ν , (ii) extra dark radiation with additional parameter N eff , (iii) active neutrinos coexisting with extra relativistic degrees of freedom, with additional parameters m ν and N eff , and (iv) massive sterile neutrinos with additional parameters N eff and m eff ν,sterile . The conventions used in this paper are consistent with those adopted by the Planck team [4], i.e., those used in the camb Boltzmann code. The base parameters for the basic eight-parameter wCDM+r model are:
where ω b ≡ Ω b h 2 and ω c ≡ Ω c h 2 are the baryon and cold dark matter densities today, respectively, θ MC is the approximation used in CosmoMC to r s (z * )/D A (z * ) (the angular size of the sound horizon at the time of last-scattering), τ is the Thomson scattering optical depth due to reionization, w is the dark energy equation of state parameter, n s and A s are the power-law spectral index and power of the primordial curvature perturbations, respectively, and r 0.05 is the tensor-to-scalar ratio at the pivot scale k 0 = 0.05 Mpc −1 . Flat priors for the base parameters are used. Note also that the prior ranges for the base parameters are chosen to be much wider than the posterior in order not to affect the results of parameter estimation. We use the CosmoMC package [40] to infer the posterior probability distributions of parameters. Next, we describe the observational data sets used in this paper. Actually, this work is an extension of our previous works [33, 35] to the models of dark energy with constant w, thus we will use the same data sets to Refs. [33, 35] in order to be easier for a direct comparison. The data sets we use include the CMB (Planck+WP), BAO, H 0 , SZ, Lensing (CMB lensing + weak lensing), and BICEP2.
Planck+WP. We use the CMB TT angular power spectrum data from the first release of Planck [4] , combined with the CMB large-scale TE and EE polarization power spectrum data form the 9-yr release of WMAP [3] . Note that in some occasions we also abbreviate Planck+WP to CMB for convenience.
BAO. We use the latest BAO measurements from the data release ( [41] . Note also that there are some other BAO data sets, e.g., 6dFGS (z = 0.1) [42] , SDSS-DR7 (z = 0.35) [43] , and WiggleZ (z = 0.44, 0.60, and 0.73) [44] , where the three data from the WiggleZ survey are correlated (with the inverse covariance matrix given by Ref. [44] ). This work is in accordance with our previous papers [33, 35] for the use of the BAO data, i.e., we only use the latest two most accurate BAO data from the BOSS-DR11. This is sufficient for our purpose in breaking the CMB parameter degeneracies.
H 0 . We use the direct measurement of the Hubble constant from the Hubble Space Telescope (HST) observations, H 0 = (73.8 ± 2.4) km s −1 Mpc −1 [8] . SZ. We use the result of the counts of clusters of galaxies from the sample of Planck SZ clusters, σ 8 (Ω m /0.27) 0.3 = 0.782 ± 0.010 [5] . Note that this result is derived by using the mass function given by Tinker et al. [45] ; a different mass function given by Watson et al. [46] leads to a slightly different value, i.e., σ 8 (Ω m /0.27) 0.3 = 0.802 ± 0.014. Moreover, the result also depends on the bias (1 − b) that is assumed to account for all the possible observational biases including departure from hydrostatic equilibrium, absolute instrument calibration, temperature inhomogeneities, residual selection bias, etc. Numerical simulations taking into account of several ingredients of gas physics of clusters give the result of the bias of (1 − b) = 0.8
−0.1 . Adopting the central value, (1 − b) = 0.8, the Planck team found that the constraints on Ω m and σ 8 are in good agreement with previous measurements using clusters of galaxies [5] . The result of σ 8 (Ω m /0.27) 0.3 quoted in this paper is derived by fixing (1 − b) = 0.8. The result is changed to σ 8 (Ω m /0.27) 0.3 = 0.764 ± 0.025, if the bias is allowed to vary in the range of [0.7, 1]. In Table 2 of Ref. [5] , other values of σ 8 (Ω m /0.27) 0.3 from various data combinations and analysis methods are also given. But in this paper, in accordance with previous works by us and by other authors, we choose to use the result of
Lensing. We use two kinds of lensing data, i.e., the CMB lensing power spectrum C φφ from the Planck mission [47] and the cosmic shear measurement of weak lensing from the CFHTLenS survey, σ 8 (Ω m /0.27) 0.46 = 0.774 ± 0.040 [6] . Of course, they are two absolutely different, physically and observationally independent data sets. BICEP2. We use the CMB angular power spectra (TT, TE, EE, and BB) data from the BICEP2 [16] .
Since it has been proven that the Planck data are in good agreement with the BAO data, we can alway safely combine Planck+WP with BAO. So the Planck+WP+BAO combination is the basic data combination used in this paper. In the six-parameter base ΛCDM model, it was shown that the Planck data are in tension with the H 0 direct measurement, the cluster counts, and the cosmic shear measurement at the 2-3 σ level [4] . In the seven-parameter ΛCDM+r model, the Planck temperature data are also in tension with the BICEP2 polarization data [16] . It has been demonstrated that the ingredients such as dark energy, dark radiation, and neutrinos could help relieve these tensions to some extent [33] [34] [35] [36] [37] [38] [39] . Therefore, in this paper, we will test the data consistency in the cosmological models with dark energy, dark radiation, and neutrinos.
As mentioned above, we consider four models in this paper, i.e., (i) the wCDM+r+ m ν model, (ii) the wCDM+r+N eff model, (iii) the wCDM+r+ m ν +N eff model, and (iv) the wCDM+r+N eff +m eff ν,sterile model. We will constrain these models by using the Planck + WP + BAO data, and then compare the derived results with the observations of H 0 , SZ cluster counts, cosmic shear, and tensor-to-scalar ratio. This could test if in these models the Planck+WP+BAO data are consistent with these astrophysical observations. If these data sets are consistent, we can then combine these data together and use them to constrain the parameters concerning dark energy, dark radiation, neutrinos, and so on. But if the data are still in tension, the direct combination of different data sets is not appropriate. The subsequent data fits are based on this data consistency test analysis, and the fit results will be discussed in detail.
Results and discussion

Data consistency tests
We first constrain the four models using the Planck+WP+BAO data. Figure 1 shows the fit results in the Ω m -H 0 , Ω m -σ 8 , and n s -r 0.002 planes. To exhibit the effects of dynamical dark energy, we also compare the results of wCDM + neutrino models with those of ΛCDM + neutrino models (purple contours vs. blue contours). The first-row panels are for the ΛCDM/wCDM+r+ m ν models, the second-row panels are for the ΛCDM/wCDM+r+N eff models, the third-row panels are for the ΛCDM/wCDM+r+ m ν +N eff models, and the fourth-row panels are for the ΛCDM/wCDM+r+N eff +m eff ν,sterile models. The gray bands are from the observational results, i.e., the HST result of Hubble constant H 0 = 73.8 ± 2.4 km s −1 Mpc −1 [8] , the Planck result of SZ cluster counts σ 8 (Ω m /0.27) 0.3 = 0.782 ± 0.010 [5] , and the BICEP2 result of tensor-to-scalar ratio r = 0.20
+0.07
−0.05 [16] . From the comparison of the contours from CMB+BAO with the bands from other astrophysical observations, one can directly test the consistency between different data sets.
First, we discuss the results of the ΛCDM/wCDM+r+ m ν models (see the first-row panels). From the Ω m -H 0 plane, we clearly see that the tension on H 0 appearing in the ΛCDM-based model is greatly relieved once a dynamical dark energy is considered. But even in the wCDM-based model, Ω m and H 0 are still in strong degeneracy. Since w is anticorrelated with H 0 , we infer that a larger H 0 may prefer a phantom energy with w < −1. From the Ω m -σ 8 plane, we see that the consideration of dynamical dark energy amplifies the parameter space but nearly does not improve the reduction of the tension in the Ω m -σ 8 plane. Since w is anti-correlated with σ 8 but positively correlated with Ω m , the effect of w on σ 8 (Ω m /0.27) 0.3 would be canceled a lot, leading to the fact that only m ν plays a significant role in relieving the tension between Planck CMB and SZ cluster counts. From the n s -r 0.002 plane, we see that w could not affect the value of tensor-to-scalar ratio.
Next, we discuss the results of the ΛCDM/wCDM+r+N eff models (see the second-row panels). In the base ΛCDM model, the Planck prediction of H 0 is in tension with the direct The Planck+WP+BAO constraints in the Ω m -H 0 , Ω m -σ 8 , and n s -r 0.002 planes for the ΛCDM/wCDM+r+ m ν models (first-row panels), the ΛCDM/wCDM+r+N eff models (second-row panels), the ΛCDM/wCDM+r+ m ν +N eff models (third-row panels), and the ΛCDM/wCDM+r+N eff +m eff ν,sterile models (fourth-row panels). The gray bands stand for the observational results, i.e., the HST result of Hubble constant H 0 = 73.8 ± 2.4 km s −1 Mpc −1 [8] , the Planck result of SZ cluster counts σ 8 (Ω m /0.27) 0.3 = 0.782 ± 0.010 [5] , and the BICEP2 result of tensor-to-scalar ratio r = 0.20
−0.05 [16] . measurement of H 0 at about the 2.5σ level, but once N eff is considered to be free, this tension could be relieved greatly, as shown by the blue contours in the Ω m -H 0 plane for the ΛCDM+r+N eff model. Further introducing w does not lead to more impact on H 0 (as shown by the purple contours in the Ω m -H 0 plane), from which one can infer that the fit of this model to the CMB+BAO data would give the result of w around −1. In the Ω m -σ 8 plane, we can see that the parameter N eff does not help reduce the tension between Planck data and cluster data, but the parameter w could play a significant role in relieving this tension. Due to the repulsive gravitational force of dark energy, the growth of large-scale structure is suppressed by dark energy. Contrary to our intuition, larger w gives rise to more suppression 8 and Ω m are contrary, and thus some offset happens for the quantity σ 8 (Ω m /0.27) 0.3 , resulting in that increasing w still could not well relieve the tension (as shown by the purple contours in the Ω m -σ 8 plane). Since N eff is positively correlated with n s , and w is also positively correlated with n s , they can both contribute to enhance the value of r, but it seems that even in the wCDM+r+N eff model the tension of r is still not well relieved.
At last, we discuss the results of both the ΛCDM/wCDM+r+ m ν +N eff models and the ΛCDM/wCDM+r+N eff +m eff ν,sterile models (see the third-row and the last-row panels). Since the results of the two cases are very similar (see also Ref. [35] ), we only focus on the case of sterile neutrino. We can see clearly that in the models involving sterile neutrinos all the tensions could be well relieved; see also Refs. [33] [34] [35] [36] [37] [38] . In addition, when w is considered, the tensions will be further reduced, as shown by the Ω m -H 0 and the Ω m -σ 8 panels. In order to quantify how the data consistencies are improved by the sterile neutrino and dynamical dark energy, we give the fit results of H 0 , σ 8 (Ω m /0.27) 0.3 , σ 8 (Ω m /0.27) 0.46 , and r 0.002 for the ΛCDM+r, the ΛCDM+r+N eff +m eff ν,sterile , the wCDM+r, and the wCDM+r+N eff +m eff ν,sterile models in Table 1 . The levels of tensions between fit results and observational results are also given. Under the constraints from Planck+WP+BAO, considering sterile neutrino improves the tension with H 0 from 2.4σ to 1.0σ, the tension with SZ cluster counts from 4.3σ to 2.0σ, and the tension with cosmic shear from 2.3σ to 1.7σ, respectively; considering dynamical dark energy (with constant w) improves the above levels of tensions to 1.6σ, 3.2σ, and 2.3σ, respectively; simultaneous consideration of sterile neutrino and dynamical dark energy improves the tension levels to 0.6σ, 1.7σ, and 1.5σ, respectively. But in this case dynamical dark energy nearly does not affect the fit result of r 0.002 .
From the above analysis, we find that considering dynamical dark energy with constant w could further improve the data consistency. In the wCDM+r+ m ν model, the CMB+BAO data are basically consistent with H 0 , SZ cluster counts, and cosmic shear data, but still in tension with the BICEP2 data. In the wCDM+r+N eff model, the CMB+BAO data are consistent with the H 0 measurement, but still in some tension with cluster data and BICEP2 data (though the previous tensions are further reduced to some extent). In the wCDM+r+ m ν +N eff model and the wCDM+r+N eff +m eff ν,sterile model, the CMB+BAO data are consistent with all the data sets considered, and thus these data sets can be combined together to perform joint constraints on these two models almost without any question. 
Constraints on dark energy, dark radiation, and neutrinos
In this subsection, we give the fit results for the four models. Of course, we focus on the constraint results of dark energy, dark radiation, and neutrinos. Here, we show the ±1σ errors for w, and show the 95% CL upper limit for m ν . Note that throughout the paper we quote ±1σ errors, but when the parameters cannot be well constrained we only give the 2σ upper limits for these parameters. The constraints on Ω m and H 0 are: Ω m = 0.293 One can clearly see that once the other data sets are combined, the value of w becomes smaller. In fact, even though the consideration of dynamical dark energy could relieve the tension of H 0 , the strong degeneracy between Ω m and H 0 still exists; recall the discussion in the last subsection. So, when the other data sets are added, the Ω m -H 0 degeneracy is partly broken, resulting in that the Ω m becomes smaller and H 0 becomes larger: Ω m = 0.272 +0.013 −0.014 and H 0 = 73.3 ± 2.0 km s −1 Mpc −1 . Since w and H 0 are in anti-correlation, larger H 0 leads to smaller w. This is why w becomes smaller in this case. In addition, the neutrino mass is sensitive to the cluster data, and so the combination with SZ and Lensing data could tighten the constraint on m ν . For the wCDM+r+N eff model, the CMB+BAO data combination gives: We must keep in mind that the above results are from the tensioned data combination and thus are not reliable. Since the SZ cluster counts data give a lower σ 8 , we obtain a much higher w in this case (recall that w and σ 8 are in anti-correlation; see the relevant discussion in the last subsection). N eff is insensitive to the cluster and cosmic shear data, and so in this case the constraint on N eff is not changed. In this case, we have Ω m = 0.306 ± 0.012 and H 0 = 68.7 ± 1.5 km s −1 Mpc −1 . Figure 3 summarizes the main results for the wCDM+r+ m ν +N eff model and the wCDM+r+N eff +m eff ν,sterile model. In this figure, the two-dimensional posterior possibility distribution contours in the Ω m -w and m ν -N eff planes are plotted for the active neutrino model, and those in the Ω m -w and m eff ν,sterile -N eff planes are plotted for the sterile neutrino model. Purple contours are from the CMB+BAO constraints, and blue contours are from the CMB+BAO+other constraints. As discussed in the last subsection, in these two models the CMB+BAO data are consistent with the other observations considered in this paper, and thus the combination of these data sets is viewed as appropriate. In the following we report the fit results for the two models.
For the wCDM+r+ m ν +N eff model, the CMB+BAO data give the fit results: We find that the wCDM-based neutrino models fit the cosmological data much better than the corresponding ΛCDM-based models. The χ 2 min values of the wCDM-based models are given in Tables 2-5 in Appendix A, and those of the corresponding ΛCDM-based models can be found in Tables 1-4 of Ref. [35] . Note that in these tables actually the values of − ln L max = χ 2 min /2 are given. Fits to the CMB+BAO+other data lead to an increase of ∆χ 2 = −10.54 for the wCDM+r+ m ν model, ∆χ 2 = −3.64 for the wCDM+r+N eff model, ∆χ 2 = −4.28 for the wCDM+r+ m ν +N eff model, and ∆χ 2 = −7.5 for the wCDM+r+N eff +m eff ν,sterile model, compared to the corresponding ΛCDM-based models. According to the Akaike information criterion, if χ 2 min improves by 2 or more with one additional parameter, its incorporation is justified. In this context, the performance of wCDM-based models (with only one more additional parameter beyond the corresponding ΛCDM-based models) improves χ 2 min significantly. Furthermore, to see how the additional neutrino/dark radiation parameters improve the fits in the framework of wCDM, we report the χ 2 value of fitting the wCDM+r model to the CMB+BAO+other data, χ 2 min = 9841.00. Therefore, compared to this model, we get ∆χ 2 = −18.12 for the wCDM+r+ m ν model, ∆χ 2 = −1.36 for the wCDM+r+N eff model, ∆χ 2 = −18.42 for the wCDM+r+ m ν +N eff model, and ∆χ 2 = −22.02 for the wCDM+r+N eff +m eff ν,sterile model. It is clear to see that the neutrino mass plays a more important role than N eff in the fits.
Early-universe parameters and BICEP2
In this subsection we consider the constraints on n s and r and the BICEP2 data. Figure 4 shows the two-dimensional joint constraints on the four model in the n s -r 0.002 plane. The orange contours are for the CMB+BAO data, the purple ones are for the CMB+BAO+other data, and the blue ones are for the CMB+BAO+other+BICEP2 data.
For the wCDM+r+ m ν model and the wCDM+r+N eff model, since the tension between Planck and BICEP2 cannot be greatly reduced, we are not interested in these two models for this aspect. We thus only give the 95% CL upper limits of r 0.002 given by the CMB+BAO data for these two models: r 0.002 < 0.125 for the wCDM+r+ m ν model and r 0.002 < 0.165 for the wCDM+r+N eff model.
In the wCDM+r+ m ν +N eff model and the wCDM+r+N eff +m eff ν,sterile model, the tension of r between Planck and BICEP2 can be well relieved, and so we are interested in these two cases. For the wCDM+r+ m ν +N eff model, the CMB+BAO data give: At last, we discuss the goodness of fits to the full data combination (with BICEP2 involved) for these two models. To see the role the parameter w plays in the fits, we take the ΛCDM-based models as references, and we obtain ∆χ 2 = −1.78 for the wCDM+r+ m ν +N eff model, and ∆χ 2 = −3.04 for the wCDM+r+N eff +m eff ν,sterile model. Furthermore, to see how the two additional parameters relevant to neutrino/dark radiation improve the fits in the framework of wCDM, we choose the wCDM+r model as a reference. In this case, we have χ 2 min = 9884.78 for the wCDM+r model. Therefore, we get ∆χ 2 = −20.44 for the wCDM+r+ m ν +N eff model, and ∆χ 2 = −20.18 for the wCDM+r+N eff +m eff ν,sterile model.
Conclusion
Based on the standard ΛCDM cosmology, the Planck data are in good agreement with the BAO data, but are in tension with other astrophysical observations, such as the H 0 direct measurement, the SZ cluster counts, the cosmic shear measurement, and so on [4] . Some ingredients such as dark radiation, massive neutrinos, and dynamical dark energy were proposed to be considered in the cosmological model to reduce the tensions. In particular, extra sterile neutrino species, with additional parameters N eff and m eff ν,sterile , was used to resolve the tensions between Planck and other astrophysical observations. Then, after the detection of the B-mode polarization of the CMB by the BICEP2 experiment, which implies that the PGWs were possibly discovered, the base standard cosmology should at least be extended to the ΛCDM+r model [16] . However, it was found that the BICEP2's result of r is in tension with the Planck's fit result. Again, it was proposed that the sterile neutrino can be used to reconcile the PGW results from BICEP2 and Planck [33, 34] . Other cases concerning neutrinos and dark radiation were also investigated in detail [35] .
In this paper, we study the neutrino cosmological models in which the cosmological constant is replaced with the dynamical dark energy with constant w. Four cases are considered, i.e., the wCDM+r+ m ν model, the wCDM+r+N eff model, the wCDM+r+ m ν +N eff model, and the wCDM+r+N eff +m eff ν,sterile model. The observational data we consider in this paper include the Planck+WP, BAO, H 0 , Planck SZ cluster, Planck CMB lensing, cosmic shear, and BICEP2 data. We first tested the consistency of these data sets in the four cosmological models, and then performed joint constraints on the properties of dark energy and neutrinos.
For the wCDM+r+ m ν model, the consideration of dynamical dark energy is rather helpful in relieving the tension of H 0 , but even in this model Ω m and H 0 are still in strong degeneracy; the dark energy parameter w does not help much to reduce the tension between Planck and SZ cluster counts, and so only m ν plays a significant role in this aspect; also, w could not affect the value of r. Thus, the CMB+BAO data are basically consistent with other observations (except for BICEP2). The CMB+BAO constraint gives: w = −1. For the wCDM+r+N eff model, the dark energy parameter w does not lead to more impact on H 0 , but plays a significant role in reducing the tension of SZ cluster counts; larger w leads to smaller σ 8 and larger Ω m , so some offset happens for the quantity σ 8 (Ω m /0.27) 0.3 , resulting in that the consideration of w still could not well relieve the tension between Planck and clusters; w can enhance the value of r in this case (it is positively correlated with n s ), but the tension of r still cannot be well relieved. The CMB+BAO data combination gives the results: w = −0.96 The results of the active neutrinos plus dark radiation model and the sterile neutrino model are very similar. So we only took the sterile neutrino model as an example to analyze the data consistency. We found that in this model all the tensions considered are greatly reduced. Under the constraint from CMB+BAO, for the ΛCDM+r model, the tensions with H 0 , SZ clusters, and cosmic shear are 2.4σ, 4.3σ, and 2.3σ, respectively; for the wCDM+r+N eff +m eff ν,sterile model, the above tensions are reduced to 0.6σ, 1.7σ, and 1.5σ. The sterile neutrinos could well reconcile the r results from BICEP2 and Planck, and in this case dynamical dark energy does not further improve the r result. From our analysis, we found that both the wCDM+r+ m ν +N eff model and the wCDM+r+N eff +m eff ν,sterile model are successful in relieving the tensions between Planck and other astrophysical observations. However, in the wCDM+r+ m ν +N eff model, one has to assume that the massive active neutrinos coexist with dark radiation, and thus we believe that the sterile neutrino model is more natural. To further tightly constrain the property of dark energy, accurate type Ia supernova data are needed. We leave the further analysis on the sterile neutrinos plus dark energy model in future work. Table 2 .
Fitting results for the wCDM+r+ m ν model. We quote ±1σ errors, but for the parameters that cannot be well constrained, we quote the 95% CL upper limits.
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A Detailed constraint results
In this appendix, we give the detailed constraint results for the four cosmological models considered in this paper. The one-and two-dimensional joint, marginalized posterior probability distributions of the parameters for the models are shown in Figs. 5-8. Detailed fit values for the cosmological parameters are given in Tables 2-5 . In the tables, the ±1σ errors are quoted, but for the parameters that cannot be well constrained, only the 2σ upper limits are given. Figure 5 and Table 2 summarize the fit results for the wCDM+r+ m ν model. Figure 6 and Table 3 summarize the fit results for the wCDM+r+N eff model. Figure 7 and Table 4 summarize the fit results for the wCDM+r+ m ν +N eff model. Figure 8 and Table 5 summarize the fit results for the wCDM+r+N eff +m eff ν,sterile model. Table 5 . Fitting results for the wCDM+r+N eff +m eff ν,sterile model. We quote ±1σ errors, but for the parameters that cannot be well constrained, we quote the 95% CL upper limits. 
